Deterministic Reduction of Integer Nonsingular Linear System
Solving to Matrix Multiplication

Stavros Birmpilis
Cheriton School of Computer Science
University of Waterloo
sbirmpil@uwaterloo.ca

ABSTRACT

We present a deterministic reduction to matrix multiplication for
the problem of linear system solving: given as input a nonsingular
A€ Z™mand b € Z™1, compute A~1b. We give an algorithm that
computes the minimal integer e such that all denominators of the
entries in 2A~1 are relatively prime to 2. Then, for a b that has
entries with bitlength O(n) times as large as the bitlength of en-
tries in A, we give an algorithm to produce the 2-adic expansion of
2¢A~1b up to a precision high enough such that A='b over Q can
be recovered using rational number reconstruction. Both e and the
2-adic expansion can be computed in O(MM(n, log n + log ||A|]) x
(log n)(log n+loglog ||A]|)) bit operations. Here, ||A|| = max;; |A;j]
and MM(n, d) is the cost to multiply together, modulo 2¢, two nxn
integer matrices. Our approach is based on the previously known
reductions of linear system solving to matrix multiplication which
use randomization to find an integer lifting modulus X that is rel-
atively prime to det A. Here, we derandomize by first computing a
permutation P, a unit upper triangular M, and a diagonal S with
detS a power of two, and such that U := APMS™! is an integer
matrix with 2 L detU. This allows our modulus X to be chosen a
power of 2.
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1 INTRODUCTION

Let A € Z™™ be nonsingular. We are interested in the determin-
istic reduction to matrix multiplication for the problem of ratio-
nal system solving, that is, computing A™'b € Q™! for a given
b ez, Previously known algorithms [5, 6], which have a run-
ning time within the cost reported here, require randomization to
find an integer modulus X that is relatively prime to det A.

In this paper we give an algorithm that computes the minimal
integer e such that all denominators of the entries in 2°A™! are
relatively prime to 2. In this case, for an integer vector b having

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full cita-
tion on the first page. Copyrights for components of this work owned by others than
ACM must be honored. Abstracting with credit is permitted. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires prior specific permission
and/or a fee. Request permissions from permissions@acm.org.

ISSAC ’19, July 15-18, 2019, Beijing, China

© 2019 Association for Computing Machinery.

ACM ISBN 978-1-4503-6084-5/19/07...$15.00

https://doi.org/10.1145/XXXXXX XXXXXX

George Labahn
Cheriton School of Computer Science
University of Waterloo
glabahn@uwaterloo.ca

Arne Storjohann
Cheriton School of Computer Science
University of Waterloo
astorjoh@uwaterloo.ca

entries with bitlength O(n) times as large as the bitlength of en-
tries in A, our algorithm also produces the 2-adic expansion of
2¢A~1b up to a precision high enough that A=1b over Q can be
recovered using rational number reconstruction. Both e and the
2-adic expansion can be computed in O(MM(n, log n + log ||A]]) X
(log n)(log n+loglog ||A[|)) bit operations where ||A|| = max;; |A;j]
and MM(n, d) is the cost to multiply together, modulo 24 twonxn
integer matrices. Our cost analysis makes the following regularity
assumptions on MM(n, d): super-quadricity in n (‘HZS") super-
linearity in d (Wﬁﬁf) and at most quadratic in d (?{d<z) Under
these assumptions, our cost analysis is valid for any MM that sat-
isfies MM(n, d) € Q(nd) and MM(n, d) € O(n3d?).

Our approach to derandomize integer linear solving is based on
ideas for polynomial matrices [3]. Corresponding to A there exists
a 2-decomposition: a tuple (P, H) of matrices where P is a permu-
tation, H is a Hermite form with powers of 2 on the diagonal, and
the matrix U := APH™! is nonsingular with odd determinant. For
example

AP H

27 99 92 27 -19 1 12

[ 32 116 -124 ]:[ 32 21 -37 ] [ 4 4 |. @
195 -121 -8 195 =79 -127 16

Unlike the case when working with polynomial entries, in the inte-
ger setting, we do not have good a priori bounds on the magnitude
of entries in U := APH™L,

In this paper we introduce the notion of a 2-massager. This is
a tuple of matrices (P, S, M) such that P is a permutation, S is in
Smith form with powers of 2 on the diagonal, and M is unit upper
triangular with offdiagonal entries in each column of magnitude
strictly less than the corresponding diagonal entry of S. In addi-
tion, the matrix APMS™ 1 is nonsingular with odd determinant and
satisfies [|APMS~!|| < n||A]|. For example, for the matrix in (1) we
have

AP M s1 APMS™!
27 99 92 135][1 27 45 107
32 116 —124 115 1/4 =| 32 53 111 |.
195 —121 -8 1 1/16 195 116 —53

The remainder of this paper is organised as follows. Cost esti-
mates for basic matrix operations are given in the next section.
Section 3 shows how to use a sparse inverse expansion [5] to com-
pute A~1b in the special case when 2 L det A. Section 4 shows how
the derandomization approach for polynomial matrices [3] can be
adapted to the integer case in order to compute a 2-decomposition
of A. Section 5 defines the 2-massager and present a duality be-
tween 2-massagers and 2-decompositions. This section also gives



an overview of our algorithm to compute a 2-massager. The sub-
routines to compute a 2-massager, along with a complexity analy-
sis, are given in Sections 6—10. Finally, Section 11 gives the deter-
ministic algorithm for linear system solving.

Cost model

We assume that integers are stored using their binary represen-
tation. Thus, for any power of two X, we can deduce the X-adic
representation of a positive integer without any computation. The
algorithms we propose in this paper are designed to not require
any radix conversions.

One of our goals is to design our algorithms so that they behave
well under a very general cost model. To this end we will give cost
estimates using a function

MM(n,d) : (R>0,R>0) = Rxo

that for any nonnegative integers n’ < n and d’ < d bounds
the number of bit operations required to multiply modulo 249" two
square matrices over Z/(Zd/) of dimension n’. Here, Z/(29) :=
{0,1,..., 2d _ 1} is the ring of integers modulo 24 A lower bound
is MM(n, d) € Q(n?d) and, using an obvious block decomposition,
we have MM(cn, d) € O(MM(n, d)) for any positive constant c.

In this paper we assume that MM satisfies the following regu-
larity assumptions:

7{/&/&?’ i kMM(n,d/k) < MM(n,d) forall1 <k <d
(]_{/%/\S/\/? ;K MM(n/k,d) < MM(n,d) forall1 <k <n

HEZZ . MM(n,kd) < k> MM(n,d) for all 1 < k

The first two of these assumptions allow us to simplify the cost
estimates of algorithms that recurse on the precision d and dimen-
sion n, respectively. Many of the cost estimates derived in susbse-
quent sections are of the form MM(n, d) for a d that satisfies d €
O(log(n]|A||)) where A is the input matrix to the overall problem.
The third assumption gives MM(n, d) € O(MM(n, log(n||A]]))).

2 PRELIMINARIES

For an integer a and precision d € Zs( we denote by Rem(a, 29)
and Quo(a, 29) the unique integers such that a = Rem(a, 29y +
Quo(a, 29) 24 with Rem(a, 29) € Z/(2¢). When the first argument
of Rem or Quo is a matrix, the intention is to apply the function
elementwise to the entries.

In order to compute the product of two matrices A and B over Z
(rather than modulo some power of 2) we can multiply Rem(A, 29)
and Rem(B, Zd) over Z/ (Zd) for large enough d and then reduce en-
tries in the result in the usual symmetric range {—2d-141,—2d4"14
2,...,24-1},

LEMMA 1. Let A, B € Z"™". Then the product AB € Z™" can be

computed in time O(MM(n, d)) for any d that satisfies n||A||||B|| <
2d-1_ 1.

In some of our algorithms we will need to compute AB for an
A € Z™" and a B € Z™™ where the bitlength of entries in B
are approximately p times the bitlength of entries in A. The next
lemma shows how to do this efficiently if the dimension X preci-
sion compromise m X p € O(n) holds.

LEMMA 2. Let A € Z™" and X € Z¢ be a power of 2 such that
log X € O(log(n||Al])). If B € Z/(XP)™™ with mp € O(n), then
Rem(AB, X?) can be computed in time O(MM(n, log(n||A[]))).

ProoF. Let B have X-adic expansion B = By + B1 X +- - - and set
B'=[ By |By|- | By | €Z™P.

Let A € ZZ" be the matrix obtained from A by replacing all
negative entries with zero, and let A = A _ 4 ¢ Z’Z”é". Then
A = AD — A® where both A and A® are over Z>o. Let d be
minimal such that n||A||X < 247! — 1. Then by Lemma 1 we can
compute the products

nxmp

ADB = [ ADBy | ADBy | - | ADB,_; | ez}

for i = 1,2 within the target complexity. Now compute ADB =
Zf;ol XiA(i>Bi for i = 1,2. These sums can be computed in time
O(nmpd) € O(n?d) since augmenting Zj?zo XjA(i)Bj for some k <
p—1by adding Xk AR, toit only needs to work on the lead-
ing O(d) bits. Return Rem(A()B — A®)B, X?). o

We will make use of some well known algorithms which reduce
computations to matrix multiplication. We summarize what we
need here. The first two results are needed only for matrices over
Z/(2). The cost of the triangular matrix inversion algorithm [1]
follows the recurrence I(n) < 2I(n/2) + O(MM(n/2, 1)). Assuming

WI%ASNT gives the following.

LEmMA 3. If A € Z/(2)™™ is unit upper triangular, then its in-
verse can be computed in time O(MM(n, 1)).

For the next result we can use the LQUP-decomposition [4]. For
an m X n matrix with m < n, the algorithm recurses on m and has
complexity following T(m) < 2T(m/2)+I(m)+O0((n/m)MM(m, 1)).

Assuming (H,ﬁf gives the following when m = n.

LEMMA 4. Given A € Z/(2)"™", the rank r of A together with a
nonsingular U € Z/(2)"*" and an n X n permutation matrix P such
that UAP has its first r columns those of I and its last n — r rows
zero can be computed in time O(MM(n, 1) log n).

A matrix A € Z/(29)" " is unimodular if its determinant is odd.
In this case the inverse of A, denoted by A~1 is the unique matrix
from Z/(24)"™*" such that Rem(A'A, 29) = I,. Algebraic Newton
iteration [2, Algorithm 9.3] gives the following, assuming WI\IAS/\f

LemMMA 5. Let A € Z/(24)™" be unimodular. If Rem(A™, 2) is
known, then Rem(A~!, 29) can be computed in time O(MM(n, d)).

3 SPECIAL SYSTEM SOLVING

Let A € Z™"_This section shows how to compute A~™'B mod 2¢
for a given B € Z™™ and precision d € Zs(. Suppose X is a
power of 2 that satisfies log X € ©(log(n||A]|)). Then A™! mod 24
is explictily given by its X-adic expansion

AV = Ag+ ALX + ApXE 4+ Af;j mod X7, )

where p € O(d/log X). Instead, we rely on an algorithm [5] that
combines linear and quadratic lifting to compute a sparse inverse



expansion for A~ a straight line formula that computes A~ mod

X2 1 for a given k € Z 5. For example, for k = 2 we have
AL = (Ag(I + RoX) + MoX2)(I + RiX3) + My X® mod X2 1,

Compared to the explicit expansion (2) which requires p coefficient
matrices A, over Z/(X), the strait line formula encodes A~! mod
24 using only 2(k + 1) + 1 € O(logp) integer matrices Ag, R, M
that have entries bounded in bitlength by O(log X). Once the for-
mula has been computed, the system solution A~'B mod 24 can be
computed by premultiplying B by these 2(k + 1) + 1 matrices in the
correct order.

DoublePlusOneLift(A,n, k)

Input: A€ Z™" with2 1 detAand k € Z~q.

Output: Ay, Ro,...,Re_1, Mo, ..., Mg_y € Z"™" such that the
following straight line formula computes

Rem(A_l,szH_l),
where X = 2log;(max(10%,3.61n%||A|))]
Note: ||Ag|| < X, ||Mx]| < X and ||R«|| < 0.6001n||A]|.
[ E,F = Opxn,In
p= Zk+l -1
X = glog(max(10%3.61n%[|A|))]
fori=k—-1downto0do
E := Rem(E + (X% ~1)2M;F, XP)
F := Rem(F + X2""'"~1R;F, XP)
od
E := Rem(E + AoF, X?)
| return E

Figure 1: Problem DoublePlusOnelLift

The following result is derived in [5, Section 3].

LEmMMA 6. Assumingk € O(log n), Problem DoublePlusOneLift
in Figure 1 can be solved in time O(MM(n, log(n||Al]))log n).

SpecialSolve(A, B, d, n, m)
Input: A€ Z™" with2 1 detA, B € Z™"™ andd € Zo.
Output: Rem(A™!B, 29).

Figure 2: Problem SpecialSolve

CoROLLARY 7. If the dimension X precision invariant m X d €
O(nlog(n||A||)) holds, then Problem SpecialSolve in Figure 2 can
be solved in time O(MM(n, log(n||Al|)) log n).

PROOF. Let k € Zsg be minimal such that (251 — 1) log, X > d,
X the smallest power of 2 such that X > max(10000, 3.6112||A]|).
Then k € O(log(d/logX)). Call DoublePlusOneLift(A,n, k) to
compute the straight line formula for A~! mod X e
Next, use the straight line formula shown in Figure 1 but with

the first line replaced by “E,F := 0,xm,B.” The algorithm will

then return Rem(A™'B, X 2IM_l). The cost of applying the straight
line formula is determined by the matrix multiplications inside the
loop. By Lemma 2, the scheme runs in time O(MM(n, log(n||A||) k).
Finally, the assumption md € O(nlog(n||A||)) implies that k €
O(log(n/m)), which is O(log n). o

4 2-DECOMPOSITIONS

Two matrices over Z/(2%) of equal dimensions are said to be left
equivalent or row equivalent if one can be obtained from the other
by premultiplying by a unimodular matrix. The unimodular matrix
represents a set of row operations converting one matrix into the
other. Corresponding to every A € Z/(24)"*" there is a permuta-
tion matrix P such that Rem(AP, d) is left equivalent to a matrix

261w L. % %k oee. %
2€2 ... % %k oe.. ox
200 % ..o x| €Z/(20)<n 3)

that is in triangular Smith form: e; < e3 < --- < e, and all entries
in row i are divisible by 2,1 < i < r. The e; are unique.

The above discussion is for a matrix A over Z/(2%). Now let
A € Z"™" be a nonsingular integer matrix. Then the 2-Smith form
of A is the matrix diag(2°, 2, ..., 2% ) with 2% the largest power
of two which divides the i’th invariant factor of the Smith form of A
overZ,1 < i < n.Since 2¢" divides det A, and | det A| < n"/2||A||",
the 2-Smith form of A over Z can be recovered by computing a tri-
angular Smith form of Rem(4, X"*1) over Z/(X"*1), where X is
the smallest power of two such that X > n1/2||Al|. For the remain-
der of this section we will refer to the exponent of the modulus X?
as the “precision” p.

In [3]! one finds an algorithm to compute a permutation matrix
P such that Rem(AP, X" 1) is left equivalent (over Z/(X" 1)) to a
triangular Smith form H. As mentioned previously, the precision
n + 1is large enough to ensure that H will be as in (3) with r = n.
The matrix U := APH™! is integral with 2 1 det A. We refer to
the pair of matrices (P, H) as a 2-decomposition of A and note that
A=UHP™.

Working with precision n+1 to compute (P, H) in one fell swoop
is too expensive. Instead, the authors in [3] use the observation,
summarized in the next lemma, that many of the initial invariant
factors can be recovered using a considerably lower precision. For
any 0 < k < nwe can partition the invariant factors in the 2-Smith
form of A as follows:

first k next [(n—k)/2]  last [(n - k)/2]

diag( 291,2%,...,2%, 2%k+1 2€k+2 2% 2% 2% .., 2°%)

LEMMA 8. Let A € Z™™ be nonsingular and 0 < k < n. IfX €
Z satisfies X > n'/2||A|| then the 2-Smith form of A has at most
L(n — k)/2] invariant factors > x2n/(n=k),

An application of Lemma 8 with k = 0 states that a precision 2
is sufficient to compute a permutation P such that Rem(AP, X?) is

! The algorithms were developed for matrices over K[x] but the approach carries over
directly to integer matrices.



left equivalent to a triangular Smith form as in (3) with r > [n/2].
Next, the algorithm works at precision [2n/(n — r)] to recover at
least [(n — r)/2] > n/4 of the remaining n — r invariant factors.
At each step, the algorithm exploits a natural dimension X preci-
sion invariant: the number of remaining invariant factors times the
precision is O(n).

At the beginning of an iteration, the algorithm has already com-
puted a permutation P; such that for the previous working preci-
sion p, the matrix Rem(APy, X?) is left equivalent (over Z/(X?))
to a triangular Smith form as in (3). (At the beginning of the first

iteration r = 0.) Let
Eq
Hy =
M=

be the matrix in (3) but with last n — r columns replaced by those
of I,. We refer to the pair of matrices (P1, H1) as an index (0,r) 2-
decomposition of A: the matrix B := AP1H; ! will be integral with
first r columns having full rank modulo 2. If » = n we are done so
assume that r < n. Next the algorithm updates the precision to p :=
[2n/(n—r)] and computes a permutation P, = diag(I,, ) such that
Rem(BP;, XP) is left equivalent to a triangular Smith form having
the shape

I | Vo | =
Ey | =

By Lemma 8, the column dimension m of E, satisfies m > [(n —
r)/2]. Set

I | V,

H; = E,

In—r-m

We call the pair (Py, Hz) an index (r, m) 2-decomposition of B. Be-
cause of the structure of the matrices, we have (P1H l)(PgHZ_ =
(P1P2)(HoHy)™!. Then P; P; is a permutation with Rem(AP; Py, XP)
being left equivalent to a triangular Smith form that has first r + m
columns equal to those of

Ey | Vo
HyH; = E

In—r-m

Since each iteration computes at least half of the remaining in-
variant factors of the 2-Smith form, the number of iterations is
bounded by O(log n). The following theorem captures the approach
of [3] described above to compute a 2-decomposition.

THEOREM 9. Let A € Z™" be nonsingular, 0 < r < n, and 0 <
m < n—r.If(P1,H;) is an index (0,r) 2-decomposition for A, and
(P2, Hy) is an index (r, m) 2-decomposition for B := APlHl_l, then

(P1P2, H2Hy) is an index (0, r + m) 2-decomposition for A.

To avoid expression swell, the H; computed at each step can be
transformed into Hermite canonical form: offdiagonal entries are
reduced modulo the diagonal entry in the same column. The H;
are then unique up to the choice of the permutations P;. In the
polynomial setting, the inverse H~! of a matrix H in Hermite form
will be a proper matrix fraction, ensuring that U := AH! will
have degree bounded by the degree of A. However, over the inte-
gers, H~! may not be proper, frustrating attempts to obtain a good

bound for the bitlength of entries in U. We end this section with
an example of a class of ill-conditioned Hermite forms.

ExampLE 10. Forn = 2,3,4,... consider the family of Hermite
forms H € Z™" that are Toeplitz, with diagonal entry 2 and offdi-
agonal entries alternating between 1 and 0. For example, forn = 6,

210101
21010
B 2101 66
H= 210|€27.
21
2
Offdiagonal entries in the first row of H™! satisfy
-1/4 ifj=2
H;}: 1/8 ifji=3
(—1/2)H£}.71+H1_,}72 ifji>4

The closed form for this recurrence shows that log |H1_}| € O(j). For

n > 500 the largest entry in (det HYH™! has bitlength ~ 1.35n com-
pared to det H which has bitlength n.

5 2-MASSAGERS

Rather than computing a 2-decomposition for our input matrix, we
introduce the notion of a 2-massager.

DEFINITION 11. Let A € Z™" be nonsingular. A 2-massager for

A is a triple of matrices (P, S, M) from Z™" such that:

e P is a permutation.

o S =diag(s1,...,sn) is the 2-Smith form of A.

o M is unit upper triangular.

o APMS™! is integral with 2 1 det APMS™L.
(P, S, M) is areduced 2-massager if entries in column i of M are from
Z/(si),1<i<n

There is a one to one correspondence between 2-massagers and
2-decompositions. Note that it follows from the uniqueness of the
2-Smith form S of A that the triangular Smith form H from any
2-decomposition of A will have the same diagonal entries as S.

THEOREM 12. Duality between 2-decompositions and -massagers:

o If(P,H) is a 2-decomposition of A,

then (P, S, (S"'H)™') is a 2-massager for A.
e If(P,S, M) is a 2-massager for A,

then (P, SM™1) is a 2-decomposition of A.

PRroOF. Since H is in triangular Smith form, S~ H will be unit
upper triangular and integral. It suffices to note that APH™! =
AP(SST'H)™! = AP(ST1H)"1s7L, o

Suppose (P,S, M) is a 2-massager for A. Since APMS™! is in-
tegral, column i of APM must be congruent to zero modulo s;,
1 < i < n. This gives the following.

LEmMma 13. If (P, S, M) is a 2-massager for A, then a reduced 2-
massager for A can be obtained by reducing offdiagonal entries in
columniof M bysj, 1 <i<n.

Our algorithm to compute a 2-massager for A will proceed in a
similar manner to the algorithm for 2-decomposition sketched in
the previous section. In order to simplify the discussion it will be
useful to introduce the following definition.



DEFINITION 14. Let B € Z™" be nonsingular with firstr columns
full rank modulo 2. An index (r,m) 2-massager for B is a triple of
matrices (P, S, M) from Z"™" such that

o P = diag(l,, %) is a permutation.
o S = diag(Iy,Sr, ..., Sr+m>In—r—m) with principal (r + m) X
(r + m) submatrix equal to that of the 2-Smith form of B.
o M is unit upper triangular with first r and last n —r — m
columns those of I,.
e BPMS™! is integral with first r + m columns having full rank
modulo 2.
(P, S, M) is a reduced index (r, m) 2-massager if entries in column i
of M are fromZ/(s;), r <i < m.

Suppose we have already computed an index (0, r) 2-massager
(P1,S81,My) for A. At the start of the first iteration r = 0 and
we have the trivial index (0, 0) 2-massager (I, In,I). Then B :=
AP M1 ST 1 will be integral with first r columns of full rank modulo
2.Ifr = nwe are done so assume r < n. Our goal now is to compute
an index (r, m) 2-massager for B. By Lemma 8 we can guarantee
to achieve m > [(n —r)/2] by working modulo X? where X is the
smallest power of two > n1/2||A|| and p = [2n/(n —r)]. Compute
an index (r, m) 2-decomposition (Py, Hy) for B. Let

L | v
H := E,

I

Let Sy be the diagonal matrix with same diagonal entries as Hy.
Define Dy by writing Sy = diag(I;, D2, In—r—m), that is, Dy is the
diagonal matrix with same diagonals as E3. As a corollary of Theo-
rem 12, (P2, Sp, My) will be an index (r, m) 2-massager for B, where

I | -Wa(D;'Ep)™!
(D;'Ep)! )
In-r-m

Then A(P1M;S;1)(P:M,S; ') = BPoM,S; ! will be integral with
first m + r columns having full rank modulo 2. By exploiting the
duality of Theorem 12 we can combine (Py, S1, M) and (P2, Sz, M2)
to obtain an index (0,r + m) 2-massager. Define D; by writing
S1 = diag(D1, In—r—m), that is, Dy is comprised of the first r en-
tries of the 2-Smith form of A. By duality, (P;, SIMI_ l) is an index
(0,7) 2-decomposition of A. Let P = P1P and S = S$152. By The-
orem 9 (P, HgSlMl_l) is then an index (0, r + m) 2-decomposition
of A. Using duality in the opposite direction shows that an index
(0, r+m) 2-massager for A is given by (P, S, (S_1H251M1_1)_1). Note
that (S_ngslMl_l)_l = (51‘152‘1H251M1‘1)‘1 = M151_1M251. We
then obtain the following result.

My = (S, Hy) ! =

THEOREM 15. Let A € Z™" be nonsingular, 0 < r < n, and
0 <m < n—r.If(P1,S1,M1) is an index (0, r) 2-massager for A, and
(P2, S2, M2) is an index (r, m) 2-massager for B := AP1M1$1’1, then
(P1P;, 5152, M15;1M251) is an index (0, r + m) 2-massager for A.

If we write
F
M = [41‘[7 ©)
n-r
and
I | W,
My = Fy ) (6)
In—r-m

then by Theorem 15 an index (0,7 + m) 2-massager for A is given
by (P, S, M) where

F, | AD['Wy

M = M;S7 MpSy = F N

In—r-m

6 TRIANGULAR SMITH FORM

In this section we give an algorithm for computing a triangular
Smith form of a matrix A over Z/(d).

TriangularSmithForm(A, n,d)

Input: A€ Z/(24)™" for d € Zs.

Output: U, P such that U € Z/ (24)"%" ig unimodular, P is an
n X n permutation matrix, and Rem(UAP, d) is in trian-
gular Smith form over Z/ (29).

Figure 3: Problem TriangularSmithForm

THEOREM 16. Problem TriangularSmithForm in Figure 3 can be
solved in time O(MM(n, d)(log n + log d)).

Proor. We describe a divide and conquer algorithm that re-
curses on the precision parameter d and has running time bounded
by the recurrence
T([d/2]) + T(ld/2]) + OIMM(n,d)) ifd > 1

T =1 \Mmen, 1)logn ifd=1.

Assuming (H/\lﬁv(\i we have the solution T(d) € O(d MM(n, 1) logn+
MM(n, d)logd), which simplifies to the target complexity since
d MM(n, 1) £ MM(n, d) using (H,ﬁf
For the base case d = 1 use Lemma 4. Assume now that d > 1.
Then set d; = [d/2] and dp = | d/2] and recursively compute
Uy, P1 := TriangularSmithForm(Rem(A, Zdl), n,dy).

Let r be the number of nonzero rows of Rem(U; APy, Zdl) and let S
be the r X r diagonal matrix with S;; = Rem(U; APy, 2d1)ii, 1<i<

r. Then
§1 d
Rem(U1 APy, 2%)
In—r

is an integral matrix. We can thus split Rem(U; APy, 2¢4) into two
parts using Rem and Quo. Let

b [

and

e

| In—r

T|T

where T is r X r and B is n X r. Note that by construction both

Sy EILE

] Rem(U; APy, zd), Zdl) .
Then

Rem(U; APy, 2%) = +[ B| B ]2




and

S_l
B| B
11 ]
will be integral.

Let V = Rem((S™IT)!, 241). Since the diagonal entries of S are
powers of 2 of degree at most d; — 1, the matrix 241571 will be
integral and, moreover, Rem(zd1 st 2) = Opxr. The matrix

I -
Ul’:[ o ]—[zdlesl\ |

thus satisfies Rem(U/, 2) = I, and hence is unimodular.
Next we show that

T
Rem(Ul'UlAPl,Zd) = [ c; I ]

for an (n — r) X (n — r) matrix C. Considering the structure of U/,
it suffices to note, on the one hand, that

[ 2%BVs | ][ﬂ%]

= [ 2%BVs'T) | 24BV(S'T’) | (mod 27)
= [ 2%B(I, ++2%) | 241BV+ | (mod 29)
= [ B2% | s24 | (mod 2%

where the * are integral matrices. On the other hand we have that

[ 24BVs™t| |[ B|B |2*
1
= | Bva24 | S—F] [ B|B ]2 (mod29)
= [ Bved | ][ «|=]2% (mod29)

= Opxn (mod Zd)
We can then compute
Uy, Py := TriangularSmithForm(C,n —r, d3)

and return

_ Ir ’ d Ir
U,P—Rem([—‘TZ] U1U1,2 ),Pl [4‘?] .

It remains to bound the cost of the nonrecursive work. Other than
some multiplications of matrices bounded in dimension by n and
precision d, the only other computation is that of the inverse V.
Lemmas 3 and 5 show that V can be computed in time O(MM(n, d)).

]

7 APPLYING AN INDEX MASSAGER

In this section we show how to apply a reduced index massager to
an input matrix A in order to produce the massaged matrix U :=
APMS™! that has 2 L detU. In the next lemma, by length k of
a nonzero finite X-adic expansion ap + a1 X + --- we mean the
maximal k € Z>1 such that a;_; is non-zero.

LEMMA 17. Let (P, S, M) be a reduced index (r, m) 2-massager for
a nonsingular A € Z"" IfX = 2% is the smallest power of 2 such
that X > n'/2||A||, then the sum of the lengths of the X -adic expan-
sions of the columns of M is bounded by 2n.

ApplyMassager(A,n,P,S, M,r)

Input: Nonsingular A € Z™" and a reduced index (r, m) 2-
massager (P, S, M) for A.

Output: APMS™!

Figure 4: Problem ApplyMassager

Proor. It will suffice to prove the result for r = 0 and m = n. Let
S = diag(2%,2%,...,2°%") be the 2-Smith form of A. Since det S |
det A, Hadamard’s bound gives }.7"_; e; < nd. Since the maximal
magnitude entry in column i of M is 2%, the length of the X-adic
expansion of column i is equal to |e;/d + 1], 1 < i < n. Finally,
note that 3.7 le;/d + 1] < 2nusing X7, e;/d < n. O

THEOREM 18. Problem ApplyMassager in Figure 4 can be solved
in time O(MM(n, log(n||Al))).

Proor. Let C be the matrix obtained from M by replacing each
column of M with the n X | e; /d + 1] matrix comprised of the coef-
ficients of the X-adic expansion of the column. By Lemma 17 the
number of columns of C will be bounded by 2n. We now proceed
similarly as in the proof of Lemma 2 to recover APM in the allotted
time. As in Lemma 2, write A = AD — A@) where AD is over Z>,
i = 1,2. Compute ADPC and recover ADPM for i = 1, 2. Finally,
compute APMS™! as (AVPM — A@pr1)S—1, O

8 COMPUTING AN INDEX MASSAGER

In this section we show how to use the algorithms SpecialSolve
and TriangularSmithFormto compute an index (r, m) 2-massager
for an input matrix B € Z™". The algorithm assume that B is
the matrix obtained by applying an index (0, r) 2-massager to the
original input matrix A to the overall problem.

IndexMassager(B,n,r,p,X)

Input: Nonsingular B € Z"™", r e Zwith0 <r <n,p € Z>»1,
and X the smallest power of 2 such that X > nl/2||A|| for
a nonsingular matrix A € Z™*".

Output: P,S,M,m such that (P,S,M) is an index (r,m) 2-
massager for B, with m maximal such that invariant fac-
tor r + m of the 2-Smith form of A is < X?. The matrix
M will satisfy M = Rem(M, XP).

Condition: B = AP;M;S;~! where (P1, My, S;) is a reduced
index (0, r) 2-massager for A.

Figure 5: Problem IndexMassager

THEOREM 19. Ifp = [2n/(n —r)], then Problem IndexMassager
in Figure 5 can be solved in time

O(MM(n, log(n|A[])) log(n log || A[])).
Proor. We describe a 7 step algorithm.

Step 1: Let Q be the permutation P from the LQUP-decomposition
of Rem(B, 2)T. Then Q is such that QB can be written in a block



decomposition as

B11 | Bi2 ]
B = s
Q [ By1 | B2z
where B; € Z"™" is nonsingular modulo 2.

Cost 1: O(MM(n, 1) log n).
Step 2: Compute

-1
G B | } [ Biz ]
= Rem ,XP
[ Cy } ([ B2i ‘ In-r Baa
using the algorithm supporting Corollary 7. We now have the par-
tial triangularization

-1
By | ] [ B | Biz ] [ Ir | G ]
R ,XP) = 8
em([ Byt | In—r By1 | Baz C2 ®)
of OB over Z/(XP).

Cost 2: O(MM(n, log(n||A[])) log n), by Corollary 7
Step 3: Compute

U’,P’ := TriangularSmithForm(Cz,n —r,plog, X)
using the algorithm supporting Theorem 16. Set P := diag(I, P’).
Cost 3: By Theorem 16,
T T

O(MM(n —r,plg X) (log(n — r) + log(p log X))).
First note that

T = MM (L [2n/(n - r)] logX)
n/(n—r)
n

e O((n/(n-r)’MM|—— logX
n/(n—r)
€  O(MM(n,logX))
using H /ff\ﬁ\z and ‘]‘(ﬁf/\f in succession. Next, the loga-

rithmic factor T is simplified using log(n—r) < logn
and log(plg X) € O(log(nlog ||Al])).

Step 4: We can now complete the triangularization of (8):

L |V *

e[ o) [

Al

Here, E is an m X m triangular Smith form and V is the first m
columns of C1P’. Let D be the m X m diagonal matrix with the
same diagonal entries as E, and set S := diag(Il;, D, In—r—m)-
Cost 4: O(MM(n — r,plog X)).

It remains to compute M. By Lemma 13 we may compute M

modulo X?. As shown in (4), we can take
,XP).
In-r-m

I, | -V(D71E)!
(DB
We will compute this M in the final three steps.
Step 5: First compute T := Rem((D™1E)~1, X?).
Cost 5: O(MM(n — r,plog X)), by Lemmas 3 and 5.

M = Rem

Step 6: Instead of computing the product Rem(-V T, X?) we will
proceed as follows. Let B}, be the first m columns of Bi2P’. Com-
pute the product Rem(B{,T, X?).

Cost 6: O(MM(n, log(n||A]]))), by Lemma 2.

Step 7: Compute Rem(VT, X?) = Rem(B;} (B}, T), X) using the
algorithm supporting Corollary 7.

Cost 7: Same as the cost of step 2. O

9 COMBINING INDEX MASSAGERS

In this section we show how to combine an index (0, r) and index
(r, m) 2-massager to obtain an index (0, m) 2-massager.

CombineMassagers(P1, S1, M1, n,r, P2, So, Mz, m, X)

Input: A reduced index (0, r) 2-Smith massager (Py, S1, M;) for
a nonsingular A € Z™", an index (r, m) 2-Smith mas-
sager (Py, S, My) for A := AP1M151_1, and X the smallest
power of 2 such that X > nl/2)|A]|.

Output: (P,S, M, r + m), with (P, S, M) a reduced index (0, r +
m) 2-massager for A.

Condition: M; = Rem(Mz, XP) with p = [2n/(n—r)].

Figure 6: Problem CombineMassagers

THEOREM 20. Problem CombineMassagers in Fig. 6 can be solved
in time O(MM(n, log(n||A]]))).

Proor. Write M1 and M3 using a block decomposition as shown
in (5) and (6). By Theorem 15, the only computation required to
produce (P, S, M) is to compute F1D1_1W2 as shown in (7), where
Fie€eZ™ andV = D1_1W2 € Z"™™ By Lemma 13, it will suffice
to compute Rem(F; V, X?). For simplicity, and without loss of gen-
erality, we will assume that r = n so that F; has dimension n X n
and V has dimension n X m.

Let F{ =Co+CiX +CoX%+ - and V = Vo + i X + VX2 + - -+
be the X-adic expansions of F; and V, respectively. Our approach
is to compute the integer matrix product

o Vi oo Voo
Vo o Vpoo

[ Co ¢ Cp-1 | . ,
Vo

from which F;V modulo X? is easily recovered. To perform the
multiplication efficiently we must take into account that the coef-
ficients C; € Z/(X)™" may have many zero columns. For 0 < i <
p—1,let kj € Z>o be minimal such that C; = [ 0 ‘ le ] with k;
the column dimension of C]. By Lemma 17, the column dimension

cof[ Cy ¢ .- CI,J—I ] satisfies ¢ < 2n.
Compute the n X ¢ times ¢ X mp integer matrix product
VO(kO) Vl(kO) . VISIiOl)
(k1) (k1)
vy Vp—lz

SRy e

(kp-1)
vk



where Vl.(k) is the k X m submatrix of V; comprised of the last k
rows. Since ¢ and mp are O(n), the matrix multiplication in (9) has
cost O(MM(n, log(n||A||))). Let the result of the multiplication be

[ Eo | Ex |-+ | Epo1 1€Z™™P

Then F1D1’1W2 can be recovered by compute the sum Z‘;:Ol XIE;
as described in the proof of Lemma 2. O

10 COMPUTING A MASSAGER

In this section we show how to use the algorithms presented in the
previous three sections to compute an index massager.

Massager(A, n)
Input: Nonsingular A € Z™*".
Output: (P, S, M), a reduced 2-massager for A.

X := the smallest power of 2 such that X > n1/2||A||
P,S,M,r := Iy, I, In,0
while r < n do
B := ApplyMassager(A,n, P, S, M,r)
p=T2n/(n—1)]
P’ S, M’, m := IndexMassager(B,n,r, p, X)
P,S,M,r := CombineMassager(P,S,M,n,r,P’,S’,M’, m, X)
od
return (P, S, M)

Figure 7: Algorithm Massager

THEOREM 21. AlgorithmMassager in Figure 7 is correct. The run-
ning time is O(MM(n, log(n||Al|)) log(nlog ||A||) log n).

Proor. Correctness of the algorithm follows from the input and
output specifications of the subroutines presented in Sections 7-9.
By Lemma 8, the number of loop iterations is bounded by log, n
with the cost of each loop iteration being dominated by the call to
IndexMassager. The running time estimate is obtained by multi-
plying the cost estimate of Theorem 19 by log n. O

11 SYSTEM SOLVING

Suppose a/b € Q is a signed fraction witha € Z, b € Zs¢,a L b
and b L 2. Then rational number reconstruction [2] can be use to
reconstruct a/b from its image Rem(a/b, Zd) for large enough d.
More precisely, given upper bounds N and D such that |a| < N
and b < D, then

RatRecon(Rem(a/b, 2d), 24 N, D)

will reconstruct a/b for any d that satisfies 24 > 2ND. If the first
argument to RatRecon is a vector then the intent is to apply ratio-
nal reconstruction elementwise to the entries.

Our algorithm for system solving is based on the following ob-
servation. If (P, M, S) is a 2-massager for Aand U := APMS™!, then
2¢A™1 = PM(2¢S71)U™!, where e = logy Spn.

THEOREM 22. Algorithm Solve in Figure 8 is correct. Iflog ||b|| €
O(nlog(n]|A]|)) the running time is

O(MM(n, log(n]|A[])) log(n log ||A[]) log n).

Solve(A, b, n)

Input: Nonsingular A € Z™" and b € Z™1.

Output: x,e € Z™!, Z¢ such that e is minimal such that all
denominators of the entries in 2° A™! are relatively prime
to 2, and x = Rem(2eA_1b, 2d) where d is as defined in
step 3.

Note: 2¢A~'b = RatRecon(x, 2%, N, D).

1. (P,S,M) := Massager(A, n)

e :=log, Snn
2. U := ApplyMassager(A,n, P, S, M, n)
3. N = [n"2]Al" 1 1b]]]

D := [n"/?|A]|" /2]

d = [log(2ND)]

y := SpecialSolve(U,b,d,n, 1)
4. x:=Rem(PM(2¢5 1)y, 29)

return x, e

Figure 8: Algorithm Solve

Proor. The correctness of the algorithm follows from the in-
put and output specifications of Massager, ApplyMassager and
SpecialSolve. Using Hadamard’s bound and Cramer’s rule, the
denominators and numerators of entries of 2A™!b are bounded
by D and N as computed in the algorithm. This shows that the
note added to the algorithm header also holds.

Now consider the running time. By Theorems 21, 18 and 7, the
cost of steps 1, 2 and 3, respectively, are within the target cost.

Finally, consider step 4. Let z = 2¢S™'y. The computation of Mz
is very similar, in terms of structure and magnitudes of entries in
the M and z, to the operation of combining a reduced index (0, n—1)
2-Smith massager with an index (n — 1, 1) 2-Smith massager. By
following the same strategy as in the proof of Theorem 20, step 4
can be done in time O(MM(n, log(n||A[|))). O
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